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« Supplementary Chapters 

Teacher's Oommentaiy ^ . 

PREPACaE , \ ^ - 

^ ) The^ fl^t ten chapters- of this text cDnstltutes a conplete course.^ 
. OSiis supplement ca^a "be used as enrlchi^nt and extension In agcordMce ' 
with the interest qf the student^ and teachers. OSie chapters cAn be 
used in' any sequence, ^ ' • 

^ OSiere may be a ilttle overlapping of material. Hovever, this 
ocburs, the approach to the subject viU' usually be dlf^rent. Several ' 
•eections contain exercises and most aolutions are presented in this pcm- 
* mentary. Supplements A), B, and , C are -of general interest ^ the 
remaining sections* supplement "specific chapters. 



•i 



ERIC ' , V 



r 



ft 



t 



^^Jr^ • Supplemen-tary Chapters ' . ^ 
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ANALmC OEOMETRY. 



Teachers ' CoBanent 



Chapters 

1. Supplement to Chapter 2 



'table of dOKTHSTBi 
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2. Supplement D (Supplement tp Chapters 2/3, and 8) , . ii63 

3. Supplement to Chapter 7 ^ . , . I475 

^. Buppleftient^to Chapter 10 • ^ . ^48.^'^ V. 



4 



4 



Teetchers ' Gommentary 
Chapter I . 
Supplement to Chapter 2 



I5 p» - 8 • 

Bcaie preserving, 

2. ■ p» = ',22 

scjile deereajsing) 

3. p' = -1 • 

scale Increasing^ 

k. p' = 15 

sif&le decreasing, 

scale increasing, 

6. p« = 2 

scale preserving. 



' Exercises Sg^Xa 
order reversing 



10 rX= 26 

order preserving 

1 _ ^ r« = 2 

order preserving 

,1 



-9 r 

order reversing 

1 
3 



= -21 



order reversing 



q' = 10 




V 



\ 



order preserving 

7. Let P he the origin point, ,Q the unit point in the original systemj 
i.e., P = O q-^ 1. 



(5) P' - 3 
'. (6) p* V -2 

:m ..-Li 



• (7) p- 

(8) p' 



(9) p* = j 

(10)' p' = r 



q' = -3 
q« = 8 
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8, Let P be the origin of the tqsv ^j^stem, Q the new unit point j I.e., 
= 0 q''= 1 • . ^ ; \ ' 



(5) t = 3 . ■ 2 - ; . 1 



(?)• p - -1 q 3 ■ . . " - • >-^';f 



(8V p = 0 . q = - i . • . '..0'^'' 

(9)N =1 q = 2 \ • • ,0'^ , 

(10) p = q = -6 - . • , \ . ' 



9. Sw5pose a = 0 'in' x* =* ax + 

Then for an^ point P with coordinate p> ^re.-j^&d. get = 0 • p + bS 
■ So every point in the new system vould' ijave ^^^^li^i^ :{b, thus preserving 
^ neither measure nojr order* nor bgtweennes^^^'. ^ - 

10. V = ax-^,+ b i' , ■ ■. - 



Let p "and p*- be the 'intrinsic ^^t'the new coon^na-^s of P, and 
similarly for q and q'"^ 'etc. y;4^_ d»^,Q) = jp» - q» | • ^en 



, d»(P,Q) = |ap3 .+ b ^3 - bf |p3 - q3| ^ ^ 

#■ 

Simileo-ly /^f 



#1a| |p - qf 1p^ +pq + <3^|. 



ct*(5jS) = |a| |r - a\ |r^ rs + b^|. ' , ^ • 

SuppoX^ PQ S RS. Then; |ii - ij] = ,|r - s| . However, d' (P,Q) = d» (R,S) 
♦ , . dnly if \p + pq + q |r + rs + s j , which in general- is false. 

For exaii?)le, if p = 1, q = '2, r = i and s = k,' then I5 + pq + q j = 7 

P 2 * * 

J * while |r + ys + s j 37» It is also tnle that we ca"h have 

^ , d» (P,Q) = d^(R,G) although PQ and RS not cdjigruent. The exainple 

P ^ 0, q = f - 1 and 6=2 Shows, this, p < q < r always 
tnrpiies p < q^ <.T , so betweenness is preserved. 



'11. x» e"" 



6o PQ - RS^ does npt » always in^ly d*tP^Q) d' (R,S) 
is preserved. ^ 



p < q < r do^ always imply < <ye , so* betweennocs 



er|c 



1,2. x» 




d»(P,Q) = 



d'(R,S)=^|r-s| • . ' , 

So PQ ~- RS does not always imply ^ d' (P,q) = d«(R,S). HowevBr, if 

P ^-R = 0 and FQ. =M/^,then |q| = Jsj and- d'XP,Q) = d.'(R,S). 

^ Let p < q j< r. Uien betweenness is preserved only if q = 0 or 
• • • 



r < 0 ' or p > 0. . 
13. X* = -^o%qX * ^' ' ^ 



Thisjcannot haqaJle points on negative side of the* origin since log ' 

. ^ ' . ^ 10 ' 

is not defined for negative nimib^rs or O . Where it is defined 



. d»(p,Q) -liog^ofi • . • • 

So PQ ~ M does not' always injpljc d*(P,Q) *= d'(-R,S) Betweenness is 
pre^ei^ed^ wher^ -^°S:fo defined. / 



. The notion of a group will mesji very liLttle to the otudents unless they' 
consider many* exaii5)les. They shoiild study krefully allVose mentioned 
m th^ text ondHry to think of others. If they ki^w sometiiing abSut cbi^lex 
numbers, they can be asked to prove that the three cube roots of 1* fo'rm ' 
•a giroup under multiplication, dd the 'four fourth roots. Ihese exaraf)les ■ 
show that a group ^^nay be finite. If the. students aire asked for other finite 
.groups, some of "bhem may, suggest the kind of arithmetic that suits clock 
VF-Taces. FijiaUy, no con?)licated^" mathematical definition^ becomes clear to' 

students until they have thoufilit, of exangjle's that don't quite' fit, Wliat * 
' about the inter.ers - under ftiultlpl^ca^Ton, the non-negative integers under 
^ addition, and the rational numbers under multiplication? - 
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Exercises ^grlb 

p — — . * 

r. ^Let f be the^ function defined by f (x) = ax + b D*^ 

•LeU g be the functioiv defined by g(x) = cx + d c (H 

We wish to prove f fg) ^ is a function defined by (f (g))(x) = sx + t 
# * 

for real numbers s i£ 0, and t. 

= a(cx + d) + b ' ' 

= (ac)» + (ad + b) 

'Since a 0 - and o ^ 0, ve sjmov that ^acj ^ 0*^ * 
llius there do e^si real numbers *'B = ac;^0, t=^ad+b/ such that 

(tC#))(x) = sx + 1. ^ ^ h 

2. Consider f^ h as three fiKictions in our'^set:>» 



f 



f(x) = mx n,^ six) = px + q, h(x)^= rx + s 'm, p, r'/ 0 
We wish to show (f (g))(h) = f(g(h)) / 

We find tfiat f(g) is defined \^ (f(g)Kx) = (ii?))x + (mq'^n) and that 
g(h) is defined by ' (g{h))(x) = (pr)x ^ (ps + ^q]t / * - ■ 

Then for all x (ftg)Mh)(^) = (|n?»)rx + {ii?))s + mq + n ' 

'for all x' f(glK)X^ = m'(pr)x -T^s + q) + n ' 
Hencl'for all x (f(^)(h)(x) = (flg(h)))(x) which is ^the negesisary' * 
and sufficient condition that the functions or for each x, 

(f(g))(h) = (f(g(h))). ' / ^ , ^ ^ 

ft 

Jfote: this is ji special case of the theoren^ that if h maps set A into 
set B-, g maps B into an^^ f maps t Into D then 

(f(g))(h) = f'(gC^))- •'^^ general proof follows: if x C A, let 
[T - h(x) C B, - f '= C C, and f (z) C D. \i^t k = f (g) mapping ^ 

B s ^nto B, g(h) mapping A into^ C. Ihen „ ' ' 

*(f(a))(ji)(x) = K(h)(x) = k(h(x)) = If(y) but ^y) = f(g)(y) = f(y)r • 
AlBo f(g(h))(x) = (f(i3(x) = f(z) since (x) = g(h)(x) = g(y) - z. • 



Therefore (f (g J(h ) (h) ) . 



r 



i 
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' ■ ' ' ■•■4 . ■ V ■ ■ . ■ •• 

3. ]>t f be defined by f (x) f ax +/^^ a ^ 0 . ' / ' ' ' 

' . g be defined by g(x) = c» + d , c 0. » . ' ^ 

•]• ^ » ■ . 

nien *(f(g))(x) = f(cx t d)=a(cx + d) + b = (ac)x + (ad + b) . 

#(g(f))(x)'= g(*a3f +1^r*^(ca)3»< (cb + d^ ^ ' • ' 

■^(g) = g(f) only if ad b a'cb + d. 

JR) sljfov that the cdpnutative propearty does jciot hold, we need BimpXy , ^ 

. » exhibit one^case when it doesh't, !Dake a ^= c = 2^ d = 1, , b = 1;^ * * i^'- 
' then ad+b = l •1+1=2 cb^. d=»-2*l4i=3 

(f (g))(x) . 2x + 2 (g(f))(x) - 2x + 3 f(6) ^ g(f) 

k. To show that in .femy 'group the identity is imlque. 
Let e. and be id^ntity*^ elements, ' 

fcen for* ail a, a(e) = =.a (l) 

. • a(e') = e'(a) = a (2) 

So in particiaar e* (e) = e(e') = e* • ^ from (l) letting- e^= e'^ 
* e(e') = e'(?) = e fVom ^2) • lettir^ a. = e 

Wh^ch ^ives us e =5 e', ' ' • * 

5. lb show that in sCny groups th^ inTC5*&8^s unique. Let a C G. 




^Suppose b and b* are both inverses; i,e.*| 

a(b)"= b(a) ^ k ' \ - ^ 

a(bOv= ^(a) -e : . " 

Now con^der b(a(b*)) = (b(a))(b') by associativity; but ^ 

' * . ^ f 

b(a) = e *and = e so 

b(e) - ^(b»); .< 
but e is the idientity clement, so , u 



b = b». 



•I ^ -\ - 

? cK* the identity fOthe 



fi 6, '^''shoHthat the inverse Af the identity fOthe identity, let e be 
r • * • 

the^denti^^ its inverse. ' - ^ ' 

• Then a(e)^ = e 'since a is the inverse of e, ^ * ^ 

, but a(e). ^ a ' sifice is^the* icIs^Q^ty , therefo^ a - e. 
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I 



* ♦ ■ 



7. • (a) ^ X , ab + b ^ , r P ^ / . 

r\ %f.^ 1 q + bp 

* • ^ . 1 b +'ftq 

(c) -apx +bp + q • ^ /-.vti ) -,.55^ ap. 

(d) p'^x+pq + q . • y^'^) ' 

(e) Vx + + ab + V ' " "^^^ " ^ + ^ 



^ "(f ) p^x + p^q H. pq + q \' . ; Ji')'^* " ^ ^ 

-^if 8. Let'^f be defined by' f(x) = ax + b- a ^ 0 . ' 

Iff h(h) = f we must have p f 0 .and q such that 
' h(h(x)) - p^x + pq + q =*ax + b = f(x) 

ThuB p and q must satisfy 
♦ P ' ' t . # 

p = a ' pq Q = 

• r 

Case 1. a < 0 
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There is no real /nuniber whose square is negative so ihere ie no • s f; 
function h such that h(u) f. ' " ' ^ 

Case ^, a > 0 and a 1 . * . 

Both p - Va and p-- ^ /5 satisfy p^ - a* So ve have, in ' _ ^ 
general, solutions to h(h) = f . ' 

■ defined by h^(x) = Va ic + ^ ^ • - ' ^ 

^ hg- defined by h^Cx).^ - -/a x-+ ^ ' . " 

, h i?de*flned for all ^value; of* a ^ 0 and b. However/ in the speclai 
" ' caae a = 1, is not* defined because i-i/a-1-1-0. Go frhefi 

a = 1 we get the unique solution h(x} - x i;^^ * V . 

Altltough fection CP-r? can be emitted *rtihout serious losd of continuity, 
there are a good many . ideas . In it^ v^iich arc important in other branches of 
matho'ma'tlcs, ' Tf you "do not think, there is time to qpver i.t-in class, perhaps 
the bettei* students' cdu.ia, study it and dcT some t>f the exerGlses, „ 

.'-'^ In ^arl ler-. courses, students have studied various number systems and ^ ^ 
learned to qohsider them iis 'sets clbsed under certain opera t^rrs^b ut not ^ , 
(undqr 'oth^e. Thcr- fundamental; operations of addition and 1<l[H^||^at l^an 
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are conirautative. In the^ set^ of linear* transformations 'or a line onto^^ltself 
'*'»* * « • 

^ we *haye ail -algebraic -operation 'whose elemeiits* are not nupiber^but functions. 

Tfie only , operation- -.c^feos it iorx of. functions--is net commutative. Nevertheles-s 

jbhejDperation is. asso^lfetlve^^ There. J.3 a3rel^m^ht ^sfliich glays the sad^ rol® 

.for con^tilion as 'zero does foy/add^tion and one for imiltiplic&tionl. F©r -* 

. e&ch- linear transformation there^s a transfbinnation which ^undoes" the first, 

arid thus acts like the reciiux)eal of- a nensero number when the operation Is 

• multigllcatian and like th^. ^eatiye of a number wherr the ,op«»atiDn i§ 

•addition, . " * / ' m . ' * , 

It is^t'he fact t^ia^. so many, ^il'f ©rent algebraic. systems share these' . * 
■properties. That £ed mathtfmaticians totdefinfe a grqtip.. This dongept- was 
defin'ed ea;rlie'r./.and ^the fcxaiiQjle treated /l^ere ia one which is very ini|>ort ant 
in advanced ma*themat.ics, * r . ' . , ' I ^ ^ ^ 

Tf the exercises on^cardinaa nySnt^er are to be' assigned, it. will pjrobably 
be necess^ary tjo prep^r^^he^way ^ith a, brief discussion in class. It 'ban 
be pointisd out that when W|»4:Gasked whether two^'^f inite sets "hav^ th*^^ same * - 
number of members, we ean c/unt.^em». Now counting a'set can*be dcsgribed 
as settinf^j.up a one-to-one correspondence between the set and part of k 
standard sequence of noises. If we do thir. for- sets *A and B and di^: cover 
that we, used the same part of the standard* sequence oT noises in both cases^ 
we have set up a one-to-one correspondence between A an'd B. We could have 
done thi s without counting, Since wj|^ canH in any ordinary sense^ count 
the members pf an infinite set, it Is "riatural to define vlmt we mean when 
we say that two such sets have the souk? number of members in to nns of one- r 
to^one correspondences • ALthou^^h the students will probably be k bit di^-s-' 
turbed'by the fact that the set of positive ^ntcyers and the set-of odd 
positive Inte^^ers 'have the banie number of lacmbertj, tlioy wil l soon come to , 
realize that no other definition seems rcasc^piablc* 

i Tlie Gtudent^ should be? anked to ^;ive detailed \sixiO^\:. ^ In' class, for " 
cW or two cases of the theorem that an^imura is between two other images 
if and only Itr. prc^ima^;e is between t^^r |rr'c- im;i//c^>Qr the other two 



ima^res. l^iic will p#pare them for the first , cxcrci^^o in the next set. 
LJlnco we rm? dealing/, with liI nccei^sai-y and sufficient condition, Iwo Lmjdicatlonf: 
must* be proved. I'lio proof |;in he ^^hortened, however, by noting'; that the 
inY6?rsc o-f a trans format ioii of an^ of t^i^.^ four t^^pes ic of the sanie type. 

' Exercises of the rollowln5' set justify tiiat the Linear tra^sformt ion 
of a line onto Itseif for-rru; a /,n-oup under t-iic operation of composition. 
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Exercl«es Sg>^ * , v 



1. , Let Q -^"be betwe^ P and H; i.e., either q < r /or p > q >'nr 

where p, q, r ore". ccJordinates of Q, E On line PR. If T .-^Is 

• • * . * * 

a linear transformition, then there are nuxnbers a |fc 0 and . b .such 

that the ^coordinate of T(X) ^ ax- + b "vjhere x -is-th^ coordinate of 



7(P) ~ = ap*+ b ^T^Q) ~.q''= -aq + 1? T.(R) - r« =.ar + 



If p < a < and' a i^'O then ip < aq^<^j9Lr, and. p' < q\,< r' , 

# If » p < q < r and a'< O' Xhen ap > aq'> ar . and .p' :> q* > r' ' 

. /if p > q > r and a->l 0 then -ap > aq > ar' and' p' > q^J > * . " . 

^ f^lX p > q > r anA • a < 0 then ap' < aq <;ar' and/' < 3? < r' ' ' • , 

. Hence in all ,c^ls^b T(Q) is* between^ T(P).. and^^l'^CR), . ' * ' . , 

3. Let PQ ai^d RS be" congruent segments; f.e-,' |p - q| fr - s|. 
• ^ Let T be a linear transformation, defined:- T(X) '-^has coordinate , 

i • T ' ^ 

x' - ax + D. R- > , , • 

' ' " . / ' ^ • . • ^ 

, T(P) ~ p« = ap + b T(ft) --^.q^ = a^ + b , |p'-qM' ^ !ap-*-aq.b[ = |d| |p-q| ■ 

T(r) ^t^ - ^r + b T(s).^ s» -'as +*b jr'-^»| = |ar^^-b| = |a| |r-s]' 

But PQ = ^ in^illes |p - qf = |r - s | . So '|p*^- q» | = |rr^^«| , 
which mnans PQ^ = Fs^'. ; " . . * • 

V 3- Let T-^ , be arbitrary linear transt;pi^b;|ons of the line -Into Aself 
defined by coordinate equations: T^(x)'^pF^:^|» ax + b- T^Cx) = X» 
x» cx^+ d. We wi^h to know whether ^'^T^ • is'^ iine^ 'transformation • ^ 
of the line. ' - ^ > ' • 

T.^Cx) is a point Y with coordinate cx + d ^* , 

,^ ^ ^ is defined at Y; T^(y) is appoint with coordinates ; 

m A 

(ac!)x ^- (ad + b). . ^ 

But ac / 0 since a ^ 0 and c ^ 0. And (ad + b) ,is a fiumber. ' 

So T is defined for all point! X by .cuprdinate equation 

1 ^ . ' • ; ^ 

x* (ac)x + (ad + b)* Biue it is a linear transformatidn of the line. 



o 
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Ho show that conqjosition of linear traijsformation& is 'aso^iat lire let-' 
\l "^2* ^3 '^defined by coordiiate equations, T* (xj = ax + b, , ' 

.TgCx) ='xac + d, . T^Cx) = ex + f . 53ien T^Jf^) is, the^ linear 'transfo'rniaticat 

taking X to (c6)x ♦ (cf + d) and T^i^^) le' the linee^trdnsfonnation 

taking ,x to (ac)x + (ali + b"). Let Xq be an arbitrajsr point with . 
coordiitkte x_. 

■° ; ■• V • • 

T^CXq) - Y with coordinate, (ex^ + f), . 
XTi(T2})(y) = Z vlth coordinate (atf)(eXo + f) + (ad + b). 
. So ((T^(T ))T )(Xq) = Z with coordinate (ace)x i (acf + 'ad + b). 
*' Bow (TgCT^TTSj) - V with coordinate v '= (ce)x '+ (cf- + d), ^ 

with coordii^te a((ce)jCQ + (cf + d)) + b. 
So (T^(T2(t^)))(Xq) =- Z' with coordinate (ace)xQ + (acf + ad + b)! 
Kieref ore Z = Z' since both have the same coordlnatt which means 
- Tj^iT^iT^)) = (T^(T2))(T^). 

To show tfiat the set of linear transformations of a line has an^ identity 
with respect to cogiposltion^ consider line oT and the transposition I 
such thkt l(x) ^ X. X is given by the coordimte equation 
l(x) =^ X = l»x 0 so I is a cumber of the set of linear transformations. 
This I is an identity. By the definition of I ve know ^ " ^ - 

1^ (I(T))(X) ^ I(T(X)) - T(X) 



; 1 
■ i 



or 
so 



(T(I))(X) = T(I(X)) T(X) 
I(t) =. T(l) - 



Suppose I' 

'Jhen 
but 

Tiierefgre 

. \ 



were any other identity • « 

= I since •I* is an identity, 

- I* (I) - I' since I ' is an identity. 

I' ^ I. which means I . is the unique identity/ 



. lb s]i6w that each'e:|.ei&nt on the* set S of linear transformations of 
.^^jjLe line h&B an inverse with respect to con?)Osition, let T be^ an 
' arbitrary, element of JS'T(X) is the^poijnt " Y such that y - asc +b, ' 

ftf . there were an inverse T""^ to T we would have to have 

would iiavB to be numberC c f 0 and d, such that for all pofHts 

*S,- with coQjrdinate , ' ' 

c(ax. +'b) + d = a(cx' + d) + b = ^ -■ 0. ^ 



.Tills 'requires ^ 



cax = acs - Lx (l) 
cb + d - ad + b = 0 (2) 



Since* a ^ a we-can choose c = ^ 0 to. satisfy (l) and then 
d =■■■ -b along with ' c =- , y - b ,will a^e the inverse of -T, • and 
Is, a linear transfom^tibn. . 
I. We exhibit one^ counter exan^le to show that compos itioi? is not corranutative. 
Gonsider 



T : T (X) = Y, y = 2x + 0 [":" is riad 
11 ^'defined by"] 



TgCx) = Y, y - i-x + 1 . 
(T^(T2))(X) = 2(x + 1) + 0 = 2x + 2 



'11ici:efore 



LJuppoue we require 



T2(T^) : (T2(T^))(X)'= l(2x v O) + i = 2x +^1 

. : T.j^(x5 - <.y = ax + b and 



y ^ cx +.4 



■^o be sucVi that 



' T^(T,^) - 'lp(T^), l.e/.^ a(cx + d) + b ■- 

c(bx + b) + d, V X . 

So we must have ucx - cax and ad ■( b - ciSyf ^' ^ 

Bie comii lions arc (l) a c 1 imd b and d luw.real nunibcrs . 

" (L') a c / I and b • ci an^y real number. 
-( ) a, c any real numbers and b - d • 0. 



if; 



\ 



8. Le^ F % FjjC) = = ax + b be ^ ti^nsformatit^n. ' • 

Case (l) ' a > 0. = T(E) jfherds. E : y = ax T : y = 3e,+ b ' 
' .^X, E(X) has coordjjiate ax^ !E(E(X)) has . coordinate ax + b * 

• .Case (2) a < 0. F ='T(E<R)) vhegx R:y = -ix E : y = |a|x T : y iTj:?^ 

• VX, R(jS) "has 'cooimnate -x, E(r(x)) has . coordinate >• 

T(E(E(X))) . coo^4inate ax + b hence T(E(r)) = P. 

, ' * Exeiylges Sg-gp ^ 

1. Let the pint's be R' and We may assiime i' < ?fce ratio of two 

nbn-^ero niainbers is positive if and only Uf bo^^ numbera have ihe saxne^ 

/ * . - gl- A. ' 

pfgn# r < s means r - s < 0. Kierefore -^-^^ '^ — > 0 If ai^ only 

if^ - 6^ < 0, But we have - < a if -and onijr if :^«-< s» 

• which 'is the condition that trie coord!lnate change be oi^er pl^serving. 

SimJ.lArly, ^ ^ < 0 if and only if r* - s» > 0 which is true if ' . . 
r — s ^ . ' 

and only if the coordinate change is 'Order r^ersing* • ' 



2. ^ llie coordinate Change f deteimlnes an equation of the form 
f(x) ^ X* = ax + b. Prom ^r! ^ ex--^ b, - as i- b. . Vfe find 

r* - s* , rs* - r's * 

a = ; , b = 



r-*6' r-8 ^ ^ 

? , * . r ^ I 

(a) f ineluies a contraction if and only if 0 < a < 1 'which is the 

' ' r* - ^ ' ' 

J- condition 0 < — n < 1, 

r - s 

(b) f * includes a contraction and reflection if and only if *1 < a < 0 

r' - s' ' . 

which is the conMtion -1 < < 0. 

. r - s 

(c) f includes arv expansion if and only if. a-A 1 which is the ' 

r' - s* . 

condition / :> 1# 

• • . # r - s ^ 

(d) f includes an expansion and reflection if and only if a < -1 

■ r* -/s* ^ . 

• which is 1 < 

r ^ s 

3. The coordinate change f determines an equation of the form f (x) = ax + b. 

From - ap + b, ^ aq -i- b we find a ^ ^ — 1—3- b - E.^— " £ .9 , 

P-q P-q 
, - f 

(a) f includes a translation if and only If a = 1 which is the 

cor^iition ^ — ^ - 1. 

p . q . 

(b) f includes a^^oref lection if and only J.f a = -1 'which is the 
condition ^' " ^' = -1. -J 



p-q. 
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We wish to shotf that J;he intrinsic coordinate syBlems are identical to 

" th^ coordinate systems whose defining function^^av# the form 

X* = X + b or x^ = -X -fib vlth to i any real number. 

" ^ " " ^ ' ^ ^ h 

Pick 'one Intrinsic coordinate system, call its lorigin and refer to'^ 

it tfs the system. W # 

• Consider 'any other intrinsic ^coordinate system (one having th6 same unit 

* length) with origin P aife the saine positive direction. 

P/ ^ • S ' 

, -w js < y if and only if . X .'is left of »'Y 

/-^stem 0 P/ ^ *• .<y* if o^ly ^ "x is left of" T 

kew system P 'v.' . 0 " . , • ' 

.0 ^ 

So d(PQ^ P^) = 0 - P*Q = P^ - 0 since unit of erasure is the same. 

Solving Pq* •^''a-O + b and 0 = a-P^ + b we get xV = x + (-P-^)- * . 

So this (intr^isic) coordinate system has defining function of the form 
x» ^ x + "b relative to the P^- system. ■ ^nversely for any equa-t^lon 
x* = X + b ve can find the intrinsic coordinate ^etem whose origin 
has*j Pq ^ coordinate (-h) and the P^ pos^itlve direction. 



Sig^^orly we establish an identity between coordinaj^ systems with 
positive sense opposite to^that of the P^-syst^ and systems with defining 
functions x' = -x -f b, . ^ 




Hbtice 



P P ^ 

^0 1 



P -system 0 *P, x < y if and only if X Is left of >y. 

new system 0 x^ < y* if and only if X is' right of Y 

T(Pq, F^y is p-j^ - 0 in pQ-eystexn^ but p*^ - 0 in system with opposite 
positive ^ense. ► 

' I I M I M I M M M I I I I M I I J I I U l ■ 

3 2 3 ^ ^ ^ ^ 1 33 3 i^ges 

(a) Itonisdn of F(o(H)) = domain of H = {w:v ie r^ai} ^ ^ 
range of F(g(h)) - [z-.Q < z < 1} .. 



h6o 
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Transformation F(g(h)) 4s i^jto the line, not onto. 
' It is one-to-one. . * ' • - 

(*) , 8 2 ' ,Jp' .-X -2 i -8 ^ pre-lmag 

■ ^V.oo8' ' i i i i -k ^ji-*" , • 

5 3 2 3 5 • liaagefi 

(c) !Rie cardinality bf the interior of a ^segment i^ the same as the ^ 
cardinality of the lliie. 

*7. (a) Danain D(E(f)) = {w«? w is real) • . ' ' ' ^ , 

Range b(E(F)> * {z : 0 < z < 1) - ' 

leaps the reais into but not onto the reals. 
^$fe^s onGi-to-one, , ' ' 1 

(b) Bie cardinali-ey oi R is infinite • . / . • 

8. Let the coordinate, cli§u3ge Ise given by ^* = ax t 

Then 4^ -]^^ "^vi " h ^ H = (b'- b) p - q 

^' - 8' tar + .b; - (as + b) - s) (b - b") .^TTt* 

!me ojierations axe Justified since r, ^ s and a .c ' so 1?hat' ^ 

.r-s^Oand-=l. 

a 

■ttiis tnay be obtained frop tJje chMige of coordinate formula, or, UBin« 
Problem 8, fipm ratios of directed distances (letting k = f, 
B = R = Q, C '* s5. ' ' 

ll. Let f be ey^ linear transformation of the line into Itsel? such that'-' 
for tvo distinct points ^ apd. i^(x) - X and f(Y) = Y. We 
.vish to show that for all points Z, f(z) = Z. 

• f (X) = X and f (y) = Y yield coordinate equations * * 

X = ^ax + b and y = a$- + b 

whl^jhjlcgilles a -- 1 and b, - 0. ^ for any point" Z with coordinate 
Z, f(z) jiafa coordinate 

--^ 1 • + 0 ^ Z. 



So f keeps 6lL1 points fixed. 



4 r 



Teachers* Commentary 
ChSp^er 2 

(Supplement to Chapters 2,3,8) 



^ ^ * PODJTS, LINES, AIip^iiANES 



r 



In this chajyter-the student will flace maj^y problems arising from the re- 
lative positions of points, lines, aiid planes In space • Jtoong these are the 
measur€p|i^ts of angles and distances^ loat'bers of parallellBni and perpendlcu'** 
larlty, €tnd questions of inddepc^ and separation. ^ . 

Varloiis sdhemes and devices are suggested as helng appropriate In certain 
cases, but in the last analysis ve believe that a^student should not be told # 
too much- Hfe has many tools j therefore, he should be encouraged to f±r^ his 
ovn solution for any given situation. ^ 

Here is where a Student begins to need some facility with determinants'. 
■ Kiere is help in Appendix A.^ ^ ' . 

' s » • 

If the eq^atlon of a line is written in the folta *x +* by ^- t: , then 

the e<iuations 

ax^ + by^ + c - 0 
axg + by^ + q ^ 0 ' ^ 

^ ax^ + by^ c = 0 

nsay be considered a systean of 3 linear hoanog^neous equations in the 3 un^ 
knowns a , b , a ^. Equation (3) in the student's text le the necessary and 
sufficient jcondition that there are non-trivial solutions of the system* 



■ \ 



' • • Eicerclses D^2 " . * 

(a) coUinear (t) =^J^ (c) |bc - ed| ^ (d) colUnear ^ 
acj -ac; ac; .a«i9.yBsj nb.- The direction of traverse of the triangle 
affects. the /ign (positive for c^unter-clbckwlse, negative for clockwise) ; 
the vertex at wbicfir oiSe starts does not. - - - 



Coaslder the triangle vith vertices = ^^i^yi^ * ^ " * - ' * 
l^ow that the area is 



We 



K 



^1 ^1 \ 



'i.e. absolute valVe of deteimin^t- 



^ IK^2 - ^1^3 - ^1 ^ "2^3 "3^ ■ "3^2! 
-i|<-1^2 - ^l.> * ^V3 - "3^2^ ^^3^'- 



1^ 
(a) 



1 



^2 -^2 



^2 ^2 



^/3 



*3 ^3 



-2 11 
• 2 -2 1 
6-51 



= -2('3) - 2(6) + 6(3) - 0 



(b) B - A = [h,-5] 



C - A. = [8,-6] 



Hence B - A = •|(C - A) 



"•But AB i^ parallel to the line of-- B - A , and 

(1 AC is parallel to the line of C - A which is the lino of 



B - A . 



So "Sb coincides with AC . 



(c) d(A,B)* = "5 , d(B,C) = 5 , d(A,C) = ^ • • ' 

By the triangle inequality, th^s ii^plies B Ues on AC . 
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If lines Lj^ I^^ meet in a point . (x^^y^^)' , then ' 

. ■ / ' ^x^^ b^y^^ Q^^O . ' ' . 

Kiis system off three llh^r ©i^^ two imkaowns (^^y^^ 1»b, a 

common; solution csily'if th^ deteiminant o*the coefflcients^^s zei^oj thi^^^ 
condition is Equation (3) in the, student text. 

It might be^worth\rtiile to pl^ce considerable ^^^i^; o^j^^^lj^ idea of 
f^lies^ . lliis concept win app^r later in connection with curves in the. 
^ plane afid in spacS. * . ^ 



Exercises D-3 - * 

^ ' 15* ' " ' * 

1: (a) No' (b) Yes, (2/2)' (c) No, (the lines, are parallel) . 

2. (a') k ^' : ' ' ^ 

(b) k^.+\k . 16 - (k - 2)ik^ -H-^IT-f 8) = 0 ; real value, kvi 2 . ^ 

3. General form, 3:? * 2y + 5 + n(x + 4y - 1) = 0 • T ' 

- ■ V, ■ ^, 

•■ (a) . 21x - 28y + 43 = 0 v . . . ' . 

' • (b) ],4x + 21y + 6 = 0 - ^ 

(c) ltx-+ 9y = 0 

(d) 5x - 22y 4- 19 = 0 ■ ' 
\ (e) X - '3y + 3 = 0 * 

4. 9x - 3y + fi - 0 ' . ^ " 

I 

. . 5. This exercise may be done in a variety of ways. If students use the 

^ methods in this section, seme oT the following may be useful In c^iecklng 
their work . 

* * • 

(a) Centroia, (^^,|) 

(b) Orthocenter, (0,-^) 

(c) Circuincenter, ^ ' b^ + ai * 
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^ • ^ . ' * a + c ^ 

(d). JEvaluate- determinant in* (3l of tdtt' by factoring out from 

# ^ S ' fmn^l^^^, Biatipljcing e^o^nts o^ Rg by - |,^d 

adding to elements of R i . , * ^ 

0 < 



a + c 



■ac 

•b 

b' 
3. 



a + e "b + ag 

2 21) 



1 



a + c 
6b • 6b 



a ■^ c 



0 ."fiap . • 1 

■ 2b? 1 



3 3b + 3ac 1 



0 ' -6ac 1 



2 ati'^^ 

^ 3ac 



SJ:^-2)(3ac - 3ac) 

( 



36D' 
= 0 ' 



\ 

/I 



\e) Yes, because by appropriate choice of c^cordinateB any triangle can 

have vertices with tie coordinateB given for A B , C • 
Consider trapezoid ABCD and. chob^ coordinate syst«aii so that A = (a,0), 
B - Cb,0) , C'= (0,c) , D ='(d,c) . The diagonals are cx + ay - ac = 0 , 
cx + (b - d)y.- be = Q Joining 
midpoints of bases is the line * 
2cx + (a + b - d)y - (a + b)c = 0 



c a -ac 

o b - d ^ --be 

2c a + b - d -(a + b)c 



= 0 

















* 


— ^ 


3 





JBie subject matter of this course can grouped and develbj^ in varSbus 
va^i./ Although we ha*^ used some. of •the contents of this section in.ifearlier^ 



sections, we now consider, in a dore systematic way, the general iopic in- 

tersections and paralleliCTis • 

/ ' ■ ' 

We teake extensive use of determinants, with^fcich- we ass&ie scsn^'reason* 



s, wlth^thlch' we assume 
able familiarity. An appfendix presents debrief r treatment of the tdpidj. whi«|b ^ 
was considered tc^ algebraic tq be part of the text. Matrices also, wiiiild^ ^ ^ 
have ^facilitated o^r development, particularly the concept of the rsmk of a ^ 
■ mfe,trix, ^nd Mi augifente^ matrix; hu^ theee :^de^.^were considei^ed to be^-ioo tar 
.afield from our central thCTe,^.and so do not appear, .even^in an appendix- *^ 
Teachers and jjjt^arfested students are referred to the SM5G tfeact*on Matrix* 
Algebra, or to any of the rec^t elementary texts on matrices. ^ reconfcend 
ptrongly ti^at students be encouraged to g^in so^ire competence in those aspects 
of matrix algebra which apply to the present content, and perhaps prei^are oral 
or written reports on these applications. 

\ 

Authors, as well as students aj:id teachers, are not pleased with pages 
that seem overloaded with letters and subscripts . However, in three, dimensions, 
equationd^f lines and planes do require many symbols- We chose to us?| fQj^er 
letters with different subscripts, rather t^an many different letters, be- 
cause we felt that, with a bit of effort, the^^^ttems of relationshii)sv coiild ' 
be mb?e easily seen. Students should be encour^ed to see* these patterns, and 
jjto try to' extend 'them to corrfeBponding situations in higher dimensions, where 
subscripts beccane more significantly necessary. We have avoids here, and 
gener^ly throughout the text, the use of Z notation. If students have the 

proper background and ability, they might be encouraged to state, as far as 
possible, the^results of this s^tlon tikt couJ.d be generalized to n dimen- 
sions, ui^ing whatever symbolism they think most appropriate. 

Solutions to Exercises D-4 

1^ (a) parallel v ^ - (^) ^^.^^ 

(b) skew (e) skew 

(c) GkoV - (f) skew ' 



y =: 2 + 2t 



(a) : >x + - 32 - = o' • 
: ^8i^- '32^-^169 - 0 

(b) : 2i+y + 9z + 69' = 0 . 
tL : lhx -+ 2ky + 9z - 35 =»0 ' 

(a) i+x +. 18y - 3z - 4i = 0^ . ^■ 



y. = 2 + 



(b) Ikx ^ 2hy + 92 - 35 = 0 , Note i | 



^ » 



(a) 2x - 8y + 7« = "0^ 

(t) llx + 9y + 122 = 0 

(c) 22x + y + 8z = 0 . 

*(d)' 3y + 2z = 0 

(a) goes over Lj^' 

(b) goes over L^/^ 



(c) goes under Lj^ 

. (d) gO€fB under Lj^ 



I 



If t ^es over and goes over , then It is sgnetliires trk 

, that goes over . ' • -^-^j^ 

It is false that if ^ and Lj^ are distinct, then goge over 

or Lg go^B over . Consider thfe Lines L^rx-l^Lgix-^S. 

It is never ;the gase that on and on Lg have the same ^ 

x-coordinate, h^nce^ one cj^terion is never met* - ' 

(a) [1,0, 2?)+ t[5,ll,7] - [x,y,z] ' . 

(b) [0,-11,-17] + t[l,7,Tr- [x,y,z] 
(e) [1,-1,0] + t[5^8,l] - [x,y,7j 

(d) [3,2,U] + t[7,i,5] - [x,y,z] 

(e) [1,-3,1]' + t[5, 2,4]. - [x,y,z]^ 

Xf) [-5,-1,-6] + t[B,2,7] - [xiy,z] , 



11. (a) 3x - 2y + z == 0 . ' 
.-'(b) \2x" + y .-; %''=-0 
tc) ' X + 3y - 2z = 0 
(d) -2x •+ y + 2z =^; 0 

•» 

^ ^ '■11' 11 ' 11 



13. 



y ^ + m^t 



'and are coiticident if and only if 



»1 



- 0 



and* there exists an such that 



^1 "2- ^2 ^'0 



^1 - ^2 "^2 ^^'0 



^Note: .This' is equivalent to the existence of a t^ such 'that \ ^ 

i, t. 



^2 - ^1 



1 0 



^2 " "^1 S 



: 0 



and' 'L;, ' are parallel -if -and ' only i f 



' ..nig 
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y 



and there ie no Bq such that 



^2 ^0 
"2 ^0 



= 0 ., 



ax4 'l/g intersect lb a unique point „if and only if # 



1 ■ -2 



It 4.6 traditional to taOi* about the angle between two lines, but present 
sta]bd6i?dfe of precision neqtiire that we ta^e account of the fact that at least 
four angles are foiroed when two Unes intersect. Ohese angled can be distin- 
guishfed in a' diagram by various methods, but . all of these metfaodB must induce 
a sense along eaah of the. lines. We indicate explicitly in "Uie text that 
Bueh a sensing must under'ly any method of distinguishing these angles 



ticaUy. * ^ 

I,t convenient to carry throu^ the'developaent in the tex^ using the\ 
parametric forms of equations for lines.' We leave to an exercise ( Problem, l6) 
at tha,ehd of this section the developuent of some of these ideas, using the 
usuar general foms of the equations of these lines, iii 2-8pace._ Students 
should be encouraged as in other places in 'tl^e text, to .use the corrdi- 

nate sy*t^ and method of representation that seems most natural^, and to be 
prepared-'to show the eq.Ui valence of the results obtained in different ways. 

It is. not expected »that any class csmplete all the exercises ^^t the end 
of this section. He have supplied sufficient exercises to give scane variety.^ 
in assignments, testing, etc. , 



Solutions to Exercises D-? 



1. (a) 




cos 6 


-l'/2 ^ 
10 


G.9898 






cos 9 


3^ . 
130 


- O.26J 


(c) 


-83° 


cos 6 


> 65 


-O.12U 





- 3 
= 5 


+ 3t 
+ t 


or 


y ; 


(y 


r3 

= 5 


+ 2t 
+ t 


or 


y - 




= 3 
= 5 


- 2t 
+ 3t 


or 


■y = 



1 ' '3 • 

2 2 



'Lines L^^J*-y^ + 3x - 11 = 0 dljrection fjalrs" \ = [-1,3] 

I^iy+2x-5=0 [-1,2] 

Bisectora : (3 ?'i^)x + (l - V2)y -'ll + ^V^ = 0 = [1-^^,-3+21^] 

( Bg : (3 + 2V^)x + (1 +^/2)y - 11 - 5^ = 0 = [-1-^2,3+21^2] 



Let 0 • one angle determined by and 
0 be one angle determined by L^ and 
Since Lj^ , 'l^ and B^ are in the same quadrant we can be sure that 
co» 0 = cos 0 Implies that £q . 

: . 00s 9 . '^'"^ - ^^^^^^ 



. '_^g ^ 7 51/2 , __ 10 + yV2 
V.^'-' iBgllLgl ^/2o + IJ^^)^ (/20 + U^jvio 

This can also be checked by noticing that cos B is the cosine of half 
the angle between and . 

(b)_Alt. from ^ ^Tl ' * t[3,l] line tJirough ' J_ 
'■'.'Alt. from = [-§^-Yi^ * t[2,lj Tine through P^,.I I.^ 
Alt. from P - [6,-7] + t[-2,3] line through P 1 L 

* o * 

The lines are parallel, 'llierefore, 6 = 0-. 



6. 



(a) axccor. 



^' « arccos 0.161 80.5°^ and 99.5° 



(c) 



7. 



(a) 

■ (c) 
8. (a) 

(b) 
(c) 

9.. (a) 
(b) 
(c) 

(a) 
(b) 
(c) 
■(d) 
(e) 
(f) 

(a) 

(b) 



arccos (^) = 180° - a3rccos ' (0.786) 1^1.7° and- 38.3 
arceos i^^l s l80°- arccos (0.65^) ~ 130° and ^0° 

[x,y,z] - [1,2,3] + t[a , 3a - 2c , .c] 

J , , „ 1 for any a ana c not 

'ix,y,z] = [1,2,3] + tta , a + 3c , c] f 

1 both zero. 
[x,y,z] = [1,2,3] + tta , 3c - ?a , c] 



[x,y,z] - t[0,3,l] 



10. 



11. 



12. 



: [x,yjk&] = t'[ 1,1,1] 
: [x,y,'z] =- t[5,ll,2] 

-3x + y + 2z - 10 -■ 0 
- y + 3z - 19 =■ 0 
, + y - 3z + 10 0 

5x + lly + 2z,.;:^5l^- 0. 

X + y + Z - 9"=' 0 

+ lly + 2z - 53 ^0 

3y + z - iU = 0 

X + y + .z - Y ^ = 0 

3^+ ^ - 10 - 0 



86f and 9^ 

69° and 111° 

(c) 60° a«d 120° 

-(a) Yx-^.^ + liz - 5"' - 0 

(I)) X + iy + Oz - 11 0 

(c) 3x - 12y + Yz +2-0 

(d) -8x + .Yy + 5z;- 62 -|6 

(0) X + Yy + 2z - 35 - 0 
( f) ' 3x + Oy - 7. - Y '0 

(e) 2x - y + z - 0 
(h)., X t Uy ^ 'j-^^ - ^^'( - 0 

(1) . 3x - 3y + z - 1 = 0 
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13. (a) 5x - 7y - 112 = 0 

(b) llx - 7y + 2 = 0 * • 

(c) x'+ y - z*= 0 

Ik. (aj^ 21° (d) 29.2° _ (g) k^.(^ 

(^) 25.3°' (e) 53.6° (h) k° 



(c) ^ ■ if) ko,h° (i) 21° 

15-' Vfith x-akls y-axis ' z-axis 

\ 32'.3° 53.2° . • 15.5° 

(t)* 53.2° ' ' ■ 15.5° 32.3° 

• 15>5° ■ ' ■ ■ 32.3° ,53.2°. 



16. Cos 



V2 "- -W- 



/ 2 . , 2 J 2 ^^2 



f 



•J 



Teachers' CoBs^fentary. 
Chapter 3 



^ Smjplement to Cimpter 7 
Exercises* SY-6 



1. (a) 




(a) 


36° 


(b) 


60° 


(e) 


30° 


. (c) 


22.5° 


■ ■ (f) 


63° 



a) + liY^ 




rotay.on throngh li5° 


ellipse ■ 






y 


• \ . 

N 




\ >^ 

J 




/ ✓ 




( ^ 


^\ 


y< — 


\^ 

N 

\ 







(c) 2X^ + Y^=U 

rCtat^n throxigh 30 
ellipse " . 




(b) X^' + hY- ^ k 

rotate" 145^ 
translate X 
ellipse 



\ 




id) 2X^ + - 1 
rotate 9 - h'^ 
translate X = x + v'? 
ellipse 



1 
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(e) ky? . 8y^ ^ 99 

rotate k^^ ' / ^ 
trarislate X = x - , 



Y - y - TP 



hyperbola 



(g) , . 1 ' : 
rotate 1*^5^ 

translate X , Y = y + 
hyperbola ^ 





(f) - Y^ = 1*. .^ . 

rotate arcco^ \'=- 

O 



8 



treuislate X = x - ^ , 



y - y + ^ 



hyperbola 




(h) y ^ -6x 

rotate arccos 

translate X ^ 
parafcola 



y + 1 




;i76 



32 



*^ \* . * 



.Exercises S7-7a 

Gl^ven that x» =\ + h 
and ,y' = y + k/ \v . 

and Ux^ + - 8x + % + 1^ = 0 n 



Find h and k such that the first-degree terms.vlll be :^Jjt£nated. 

Ux^ + - 8x + l*-y + 1* = 0 (1) * , ' ■ : " 

X = ij^' - h • • * ■ ■ ". 

. .• . y = y' - k ■ ' ' 

Substituting in (1) and grouping temffl, we find that the transforntifed 
equation is ' \ . 

kjL'^ + y'^ + (^-8h - 8)x« + (-2k + lt)y' + (^h^+ k^ + 8h - Uk + 1^) ,= Ct 

Solving slmultaneoi^ly ' 'j 

-8h - 8 = 0/ ■ h = -1 ■ 

-2k+i*>=0 k = 2«.' 

l^he transformed equation becoraee 

. ■ + y«^ = 1^ , * 

• F' - -1* 

\ 



Translate to center {l>-2) 
Rotate through arctto 2 




(c) 7x - 2Uxy + 120X + Ikh = K) 

translate to center (0,5) 

7x'^ - 2Ux'y' + iWf = 0 

k 

Rotate through arctaii 
9X^ - 16Y^ ^ Ihk 



Y 





/X 



/ 



(b) 3x^4-103^+ 3y^- 6x+ 22y- 53= 0 (d) 4x^- ebty + Uy*^- ^i/ST +1^=» 0 ' 

"Translate to center ('^^jB) 



3x' + lOx'y' + 3y' -8=0 
Rotate through 1+5° 



Translate to (3#l1 

X - 2Tf^ 4- 2 y 
Rotate through 1+5° 

hy''^' - 8y' .- 2x' + lU =0 
Parabola: $ = 0 





o 
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TS^rclses S7-7b 
Axes of symmetry (y.^+ 5) = *(x'- 2) 



1. Center (2^-5)- 

2. ^X3enrter . (- ^) Axes of syinnjetry (yV |) . l,)(x + ^ 



(y + f) = -(/rr + i^)(x + ^) 



Exercises S7-8 
1. (a) Ox^ + 6xy + Oy^'+ 3x - 8y , 1* ,= .0 





0 


. 6 


3 




A = 


6 




-B 


= -6(-2l*) - 6(2k) ^ 0 




3 


-8 


-8 





ISiUB it Is a degenerate conic: (2y + l)(3x - k) = 0 
L%mp: fy + l = o,3y-J+=0 
(V) Px^'+ 8xy + _ X + i+y - 1 ol 

-- hi-iG) . 8(-i2) *t532 . 0 •■ 



h 7& -1 
8 0 It 
-1 J+ -p 



c 



Thus It is a degenerate conic: (2x^ + l)(x + ky - 1) = q 
y Lines : ''"x + 1 = 0 , x + 4y - 1 = 0 



5xy 


+ 9y" - 


1 -- 0 . \ ■ , 




8 


-5 . 0 






-5 


18^' 0 


- 8(-36> + 5(10) ^. .?88 + 50 0 




0 


0 -P 







A - 



it ir. next n degenerate conic. 



- Ixy - 6y'- 



0 





' k 


-1 


0 


0 , 




4 




A - 


-1 


-IP 


0 


0 










0 


' 0 


0 











Go it ir: a degenerate^ conic!: ; (?b<- j)(x - Py) . o 
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% 2 2 

CSoneider Ax + Bxy + cy +D>? + Ey + F = 0 

^ere A = 0 and $ f Q * ^ ' 

Case 1. Suppose the factors of the left member represent dependent 
lineeur equations* Then we coxild write the left membar as 
(Mx + Hy + P)(ltMx + kNy + kP) = 0 whfere k 0 • 
But then ve get 

- (2kMR)^ = 0 which contradicts our hypotJiesis % ^ ^ 

Case 2. Sujjposing the factors represent inconsistent equations, we 
get l^hat 

iMx + I^y + P)(kMjc + + hP) - 0 for ^ 0 , h k . 
But agMn tlg.s inplies th^t = 0 contrary to our hypothesjfl, £ ^ Q 



Oonsi 
vhere 




Ax + Bxy 



1.2 * ■ 



F = 0 



A = 



and 



Ik 

Then 

or 





2A 


B 


D 




B 


2C 


E 




D 


E 


2P 












2A 


B 










= 0 




■ B 


2C- 





= 2? - E(aAR- BD) D(BE. ^ 2C3D) = 0 



-2AE^ + 



BDE + BDE 



2CD^ = 0 



-2AE^ +\KDE = 2CD^ - BDE - 0 



ExpreBsion (5) is (B^ - Hc)x^ + 2(BE - 2ffD)x + - 

^= kk£ - b"^ f-^ makeG the coefficient of vanish. 

It remains to show that the coefficient of x is 0 . 

2 

From A = 0 and B kkC we get 



0 



+ BDE - CD^ 



Multiply \>y -UAn and use B"" = hkC to get 

^\ 0 - ^A^E^ - UABDE + hk(sF' '^"'"■'^ 

\ Q = if(AE)^ ^ ^(AE)(BD) + If(BD)' 

0 = (2AE • BD)^ • ^ 
flence -BD - 2AE = 0 which completes the proof. 



. 3r, 



Exercises S7-10 



1. 8x - 12xy + 17y - 20 = 0' 



S = ^00 A = -16000 



. V 



Rotate through ^ "arc tan ^ 



ellipse 



i 

3. !?x^ - 6xy + 5y^ - l6x + l6y + 8 = 0 

Translate h = i , k = -1 
Dien rotate through 1*5° 

ellipse 



s 

\ 

\ 

\ 





■ ■ .V 



?. 3x + 12xy - 13y - 135 = % h. 9x^ . 2l^xy + l6y^ - 20x - 15y = 0 



S - -300 • A = 81^ ' 
Rotate through ^ l^ctan ^ 

- 3Y^ = 27 

hyperbola 



\ 
\ 





% = 0 A = -8750 * 
Rotate through arqcos 



paraboXa 




1 



J481 



0 
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9x^ -2Uxy +i6y^ + 60x -80y+lt)0 = 0 7. 
S= 0 A = 0 

Rotate through arccoe ^ 

Translate Y=y-2, X=x 

Y = 0 
coincident lines 

y 




5x^ + 6xy +5y^- l6x- l6y+ 8 iO , 
i = a A = -1021+ * 
Rotate through j<-5° 

Translate X^x-i/^j Y = y 

hl^ + ^ = k 

f 

ellipse 



Y 



/X 




6. ' 33£|+10xy H-3y^ + l6x + l6y 0 > 8. 27x^ -i+Bxy + 13y^- 12x + J+J+y- 77= O 



J 'X=.6V A = 512 

^Rotate throiigh ' k^° ' 

Translate Y - y , X = x + 
liyperbola 




S -900, A = -196200 
Rotate through ardcbe , 



anslate X ~ y: 



Ik 

T 



, Y = y + 



.2 



9Y^ - = 9 



hyg^bola 




^.9 



9. 12x^-7xy-12y^-lilx +38y +22 = 0 11. 9x^- 2lfxy+ l6y^ + 90x - 12Qy +200 
S = -625" A = 0. 



$ ' = 0 A 0 



Sotate through arccos — 



9 
13 

(X + Y)(X - Y) = 0 
Intersecting lines 



Translate X = x 



Y = y + 



i ' • k 

Rotafte thifovigh arccos ~ ^ 

Trinslate X* = x , Y = y - 3 
/ (Y - 1)(Y + 1) = 0 



.- " Parallel lines 




YV ' 

\ 

\ 

\ ' 
\ 

\ 


7 

^ y^ ' 

f yX 
\ 

\ 




— \ — 




\ 

\ 




\ 

\ 

\ 



2 2 

10. 13x +l4axy +27y + 41*x +12y - 77 = 0 12. lOxy + i+x -'l5y -6 = 0" 



% = -900 A = -196200 



Rotate arccos ^ 

5 




J = -100 A - 0 

Rotate 1^5° 

Translate " X = x - 
Y = y + 



111/? 
19V^ 



(X + Y)(X - Y) = 0 ^ 
intersecting lines 



5^ 



s 
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' Teachers ' Commentary 

Chapter k 
Supplement to Chapter 10 



J, 



In a sense, this chapter can pe thought of as a reviev of the early 



^apters» It is essentially a sunmary of the various treatments of transfonna- 
tiona, but now they are observed from a' mo^e soiAiistlcat,^ point of vjew/ THe 
cpncepts of mappings and groups constitute the background for thej discussion. 

The vriters vfeuld be interested in knowing how^ the teachers feel about 
including this type of material and also, if it is included, %feether it should 
come earlier in the presentation^-perhaps even near the front of the boolc. 



Exercises SlO-2 



TJie reflection about the a = 1 line is (x,y) — »"(x',y') (-A+2^y) . 
The reflection about the x = ^ line is (x%y' )'^^— »^ (x",y") » (-x«4'8,y»). 
Taking x = 1 tlien x 4 we get . . 



x'^ X 



4- 6 



Talcing 



x :=^U then* X = "1 ve get 



x"'- -x» + 2 = -(«x -f .8)" 4 



- 6 



Go they don't commute. 



y^^ - y 
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Mapping of reflfection about x h 





(x,y)—i-(x%y») 


« (-X + a, y) 


Mappijag- of reflection about y = k 






(x,y)— (x',y') 

<* 


= (x,-y + 2k) 



Two successive reflections about horizontal lines: 

4x,y)^(x«,y») = (x,-y + 2k) (xS'yO ^ (x",y") = (x»,-g' *:.2n) 



x" = X» = X 
y" ^. -y» + 2n 



x'' = X 



y 2(n - k) = y" 



successive reflections about vertical lines: 



(x,y) — (x',y«) = 


(•^5^ + 2h,y) 


, (x',y» 


x" = -X* + 2m = 


x - 


h) = x" 


y"' = y' = y 




y",= y 


(x,y) — (x«,yO = 


(-X + 2h)y 


, (x»,y») 


x" = X» 


-X + 2h = 


x" 


■ jr"' = -y« + 2k*^ 


-y + 


2k = y" 



The mappt:^!. in (3^) will commute^ only if k = n and h = m » 
The n^pplngs in i^)^ will coranute, . 



ExerclBes 'SIO-3 



•SuppoBe th^ have the rotation ^ 

V = $ + 2(6^ - e^). 



Then revj^lte 

^ <r" = r ' > 

^en lit r - r* and 26. - 0 - and we h&ve , <d" 26^ - , r" 
. Then we see that the fetation "is- the product of the line refJ.ections 
• (r,4!) (T-Sd)') = (r,20^ - 0) and 



r'^ = r 



r = r" 



BaeerclBes SlO-4 • 
' (x,y) (x»,y») = (ax + by, cx + ay) where ad. - -be ;^ 0 
Kov solve for x and y in terms of x*' and y« . «. 

■men y = ^^-^ and x = ^! " . / 
be - ad ad - be / / 

Nov substitute these into the line iy + m =K) and we see that 

kdx» - Hby^ 4- ^cx« - iajy^ .+ m = 0 

or ' ' 

(kd + ic)x' + (-kb - ia)y» + m = 0 

which means that any transformation of the group, in. OSxeor^ SlO-3 will 
map a line into a line. " . 

(a) <x,y) — ^(2x,2y)" . . ' * 

X« = 2x , y» = 5y . . « 

x» + y' - i|(x + y'-) so the circle x^ + y^ = l . ' 

maps into x*^ + y'^ = h , 

(b> (x,y) — ^(2x,3y) 

x» = 2x , y' 3y ■ ■ , - 

2 , 2 1 ,2 1 .2 2 2" 

x + y - -^x » + ' - 1 so the circle x 4 y'^ ^ 1 

maps into the ellipse fx + iy. = I 

(x,y) (x%y») = (jc + y , 2x + 2y) 

x' ^ X + y , y» = ,2x'+ 2y - 

Consider the point a , 2a on 2x = _ y , then ^ = x + y and 

2a = 2x + y so ali points 'mapped into a point on 2x = y satisfy the 

equation x -t y - 0 / This is the equation of a line. 



i.87 



^5 



Show that the ^nigle is preserved between two^lines thro\igh the 'origin 
under z — ^ z* = kz • 

Let z r(co8 0 +,i sin 8) , then let L, be r(cos 6 +, i sin 6,) a^d 
/Lg ' be r(cos 0^ ^ i sin 6^) • "^^^ angle betveen L^' and Lij^ v^ll 

simply be "^6^1 • Under the mapping h^-^ vhere L^* is 

Kr(cos 6^ + i^sin and Lg"^ ^2* ^® ' 

Kr(cos + i sin 0^) . So we see the €uigle betveen L- • and L • again 
equals {S^ - Therefore th^ angle is preserved. 

Discuss z - z» = i ^ 

• ' . 4 I f 1 3p - iy 

z ^ X. + iy , - = 2» = = 

3C +y 

so X* = ^ g and - — ^ — in non-*line€tr coordinates, 
X + y X + y ' 

/ / 1 \ 2 ^ 1 ^ 
Then the circles (x + 3^ = — 5 are^ mapped onto x' = k and the 

2 1a 2 1 

circles X + (y + ^ = — 5 etre mapped onto y' = k • 

^ ^ . - ^ 

2 2 

^ p p ^ X -f y 1 

Also ve have x* ^ y» «» — y — 2 2 " 5 ' hence the circles 

(if' + y^) * X + y 

2 2 \ 2 2 1 

X + y = r are mapped onto the circles + y* ^ 

plane* 

(a) It is simplest to consider this problem in poiar ooordinates then 
the solution is {r-(t>) (r^,d>*) = (— wh^re the origin is 
defined to map onto the origin* 

(b) A second form would be ^ (x,y) (x^,yO = ( — ^ f v) vhere 

x(^ a ) 

y =: ax is the line involved. Again the origin would have to be 
defined as mapping onto the origin. 



Exercises SlO-^a 



R . R. 
X y 



f- ( 0 0 ji ) ( 0 i) 

(a) Reflection about y = x 

y^ = X 1 • X 4- 0 • y 

(b) Reflection about y = -x 



x» = -y = 0 • X + -1 • V 
• y» -X = -1 • X + 0 • y 

Reflection in y = x 



rotation — 





c :) ■ ■ 



composition is 




c ■■:)•(■: 

(cos ( 
sin i 




'COB ©2 COS - sin $^ Bin , -sin $^ cos - sm cob 9 



^CQB 6^ Bin + cos 9p sin 6-^ 



sin 6^ sin 6^ + cos 9^ cos 6 



sin(ifi£ 4 



-sin(e^ .-f gp) 



This 'mapping Is the same as a mapping of a single rotation through 



+ radl 



an^ 



K 



and 





= k 




b, b^ 



'^1 "2 



C3 



^3^ \S Vl^. 



K» = 



and BO ve see that K = K' and matrix multiplication is assoclat'iv^. 




= L 



^3^1 ^ V3 ^3^2 ' VU. 



b^a^ f b^aj bga^ bj^a^ y 
b^^ 4 b^a^ b^ag f bj^a^ 



-3 

and so we see that L / L' hence matrix multiplication doesn't commute. 



h'jO 



In polar coordinates 
r* = r and = 26 - ^ jf 




x« r co8(ae . $)= r cos $ pos 26 + r sin (t sin. 20 = x cos 2e + y sin 26 
y« = r Bin (26 - 0) - r sin 26 cos $ - r cos 26 sin <^ = x sin 2© - y cos 26 
hence the matrix Is: 

26 
26 



When e - 0 , ve get 



(cos 26 ^ sin 26 \ 
sin 26 - . cos 26 / 

c :) 



which was previously shown to be a 



which was 



reflection about the x-axis, when 6 = r- we get I } 

\l 0/ 

4)revlously shown to be a reflection in y = 3?, when g = - we get 

Ai o\ 

( 1 which is a reflection in the y-axis,when 6 = we get 

which is a reflection in the y -x-axls* 




cos 26^ .sin 26^ 



nin -cos 26. 



cos 26^ sin 26^ 



* * Bin ?6, "COS Pe, 



cos 26^ cos se^ 4 Bin PP^ sin 26-^ eos 29^ sin Pf^ - cos 26^ sin 26^ 
cos 26^ s-ln - COS 26^ sin 2e^ + sin 20^ sin Pg^ f cos 26^ cos 26^ 
cos 2(e,, - 6-^) -sin 2(02 - 6^) 

n 2(fi^ - e^) COB p.ie^ - 

This is the matrix of a i«otatlOn where G = ^(6^ - 9^) 



1C 



acercises SIO^^ 
sin 



(cos a sin a\ /cos a -sin a\ 

sin a -cos a/ \sin a cos a/ 



Bi Problem 7 C&10-5a) we saw that the product of two matrices of the tf^rm 
sin 



(cos a sin d\ 
sin a -cos a/ 



is. of the form 



(cos a -sin a\ 
sin a COB a J 



By ftroblem k (S10-5a; we saw that the product of two matrices of the form 

COB a -sin a . 

is another matrix of the same form, 
sin a -cos a . 

We see that the product 



is of the form 



Finally 



(cos a + 
sin a + 




sin a 



-cos Qt 




cos a -sin a 
sin a +COS a 



cos p + sin p 



is of the form 



sin 3 



cos 3, 



3 -cos 

Hence we see ttiat the matrix iaultlpli cation is closed. From Problem 5 
(S10-5a) w^ see that the multiplication o>)eys the associative law^ and 
1 0 



because 



is included In this set and it is the identity matrix. 



0 1 

that this set, forms a group. 




a^b^ + a^b^ a^b^ + aj^bj^ 



= K^l ^2^3^^ ^3^2 ""Vl^^ ■ ^^3^1 ^3^ 

(^ibg-^ Sgbj^) 

= ^ ^2!3^2^3 ■ ^2^3^lh - h%^2^3 

- K\ - ^2^3^^Vl| - ^3^ 



3# The matrix 



c :) 



i8n*t an ieoatetry as the vector (O^l) — and 



hence distance isn't preserved, yet the det = 1 

CPS a -sin a 



K The matrix must be of tiie form 
by Theory 10-5, 



or 



^sln a 



cod a 



(cos a sin a\ 
sin a -cos a/ 



cos 


a 


-sin 


a 


sin 


a 


cos 


a 


cos 


a 


sin 


a 


sin 


a 


«-cos 


a 



2 2 
= cos a sin a = 1 



2 2 
= -cos a - sin a = -1 



Hence the det of th.e matrix that represents an isCM^try is 1 or -1 , 



If 




^2 








^3 ■ 


% 


2 


2 




\ - 


^3 


= 1 , 



t 1 *then 



a^aj^ - ^2^2 "^ - also,ve have 



2 2 2 

^ =1 BjiA . a^ + aj^ =1. Nov, 

« 

if the sum of two squares = 1 , the numbers can be written as sin and 
cos of soiM angle 9 / Hence we have ^ t sin a or 1 sin a. ^ 
^ ag = 1 cos a or t sin a , a^ i sin a or i cos a , 
a|^ = ^co8a or t sin a . Nov^from these^we obviously ^ 
get matricee that belong to S but ve get other as ve^l: 
. a^ = J sin a or t cos a , a^ + cos a or • j; sin a . Nov from^tl^^se . 
. ve obviously get matrices' tliat belong to S but ve get others as veil: 

sin a cos a \ / sin a cos a 
^ ^ -cos a sin a 

sin a --cos a\ " /-sin a cos a' 

J and 

cos a sin a J' \ cos a sin a 

reduced to members of S by lettii^^ a 

Hentte, these conditions are enough to make the matrix belong to S 



oDviousiy get matrices" that belong ti 

(-008 a sin ot\ /'cos a sin a \ 
Bin a cos aji ^-sin a cos a / ' 
-cos a 




cos-^a -eina. 
All of these cases can be 



-p,a:-3 + | or a^3+jt. 



1. Answers given in text 

2, Answers given in tex^ 
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IS 



I-l Reflection In x-y plane * , ^ 

I-a> Reflection in y-z plane 

1-3 Reflection in x*2 plane 

I-U Identity •» ^ \ 

1-5 Reflection in l5lane through x-axls with to y-ajds 

1-6 Reflection in plane through y-axis with U5 angle to z-jods 

1-7 Reflection in plane through z-axis wljth h^^ angle to x-axis 

1-8 Reflection in plane through x-axLs vil|i 1|5^ angle to y-axis 

1-9 Reflection in plane through y-axis vl'th 135^ angle to z-axis 

o 

I-IO Reflection in plane through z-^axis with 135 angle to x-axis 





/ 



